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A Generalization of Macaulay’s Method with Applications
in Structural Mechanics

W. H. WirrrICK*
Unaversity of Birmingham, Birmingham, England

Some recent references to the use of Macaulay brackets in the analysis of the deflections of
beams under discontinuous lateral loads suggest that it is not widely realized that the concept
can easily be generalized to apply to a wide range of problems, particularly those ocecurring in
structural mechanics. In this paper the logical basis of the method is explained, and de-
tailed expressions are derived in a form suitable for immediate application to a wide range
of static and pulsating beam problems and to some axially symmetrical plate problems.

Introduction

WO recent notesh ? that draw attention to the use of

Macaulay® brackets in the analysis of the deflections of
beams, beam columns, and tie rods under discontinuous
loading, together with a subsequent review? of Ref. 2, strongly
suggest that their use, even in these simple cases, is not
widely known. In a subsequent note,® which is primarily
a historical review, Weissenburger attributes the method to
Clebsch,® who, like Macaulay, was concerned with the de-
flections of simple beams. Weissenburger also hints that
there are “possible simplifications to be achieved in other
areas by judicious application of the method.”

This has, in fact, been known for many years, and the
method was used by Case, as early as 1932 in the second
edition of his textbook,” for the solution of problems con-
cerned with the steady vibration of beams under discontinu-
ous pulsating loads. Judging by the preface to this second
edition, it seems almost certain that the same material was
also included in the first edition, published in 1925, which is
unfortunately unavailable to the author. Moreover, all
of the forementioned applications have been taught to engi-
neering undergraduates at Cambridge University for at
least 30 years and in all probability for 40 years. The
possibility of extension to other beam problems, such as
the case of a beam supported on an elastic foundation, was
certainly known to H. A. Webb and taught to at least one
of his former students almost 25 years ago.

It was, therefore, with considerable diffidence that this
paper was written, since the author feels that its contents
must be known in principle to many others. Nevertheless,
the recently published notes appear to demand a more com-
plete summary of the method than has hitherto appeared,
and the paper is written with this in view.

Despite the apparent priority of Clebsch’s work, the
technique will be referred to here as Macaulay’s method in
order to conform with the widely accepted usage. The
logical basis of the method is explained in its most general
terms. Subsequently, detailed expressions for the terms
that appear within Macaulay brackets in equations for the
deflections of beams and axially symmetrical plates are pre-
sented in a form suitable for immediate application. The
beam problems cover all possible combinations of axial load
and continuous elastic support, for each of four types of dis-
continuous lateral load, and also the case of pulsating lateral
loads. Some of these beam problems, and all of the plate

Received April 24, 1964. The author is very pleased to
acknowledge his great indebtedness to the late H. A. Webb,
Fellow of Trinity College, Cambridge, England, to whose stimu-
lating teaching the ideas contained in this paper are largely due.

* Professor of Structural Engineering; formerly Professor of
Aeronautical Engineering, University of Sydney. Associate
Fellow Member ATAA.

problems, have not been treated previously by Macaulay’s
method in the published literature, as far as the author is
aware.

Definitions

1) If f(x) is some function of the independent variable ,
we define the ‘‘Macaulay bracket’’ { ), as follows:

(f@))e =0ifz<a
=flx)ifz = a

2) Define the symbol Af(a) as meaning the discontinuity
in a function f(z) as x passes through the point z = a. Thus,

Af(a) = fla + 0) — fla — 0)

Generalization of Macaulay’s Method

Macaulay’s method can be generalized to apply to any
problem of the following type.

1) The problem is governed by an ordinary differential
equation of the form

L(y) = EB(z) 1)

where L( ) represents a linear differential operator of any
order, n say, in which the coeflicients of the various deriva~
tives, though not necessarily constant, are continuous
throughout the range 0 = z < .

2) The right-hand side R(z) and its various derivatives
may be discontinuous at a series of points 2 = a;( = 1, 2,
..., N) within the range 0 < z < [ and can be expressed in
the form

N
R@) = Ro(@) + 22 (Ri(w))a: @

where each of the functions Ry and R; is continuous.

3) The required general solution y(z) and its first (n — 1)
derivatives satisfy specified conditions of continuity or dis-
continuity at each of the N points x = @;. Thus, the values
of

Ay(a:) Ay»—(a;)

i=12...N

are specified. (This general solution will contain n arbi-
trary constants of integration which will be determined from
the prescribed conditions at the ends of the range, z = 0
and z = [.)

Let the general solution of the nth-order homogeneous
differential equation L{y) = O be

Ayl(ai) Ay”(ai); LR

yulz) = ;A, u,(z) 3)

where the n constants of integration A, are arbitrary. Then
the required solution of Eq. (1), which satisfies the continuity
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Fig.1 Types of discontinuous loading on a beam.

conditions at the N points £ = a;, can be written in the form

N
y(@) = ya(@) + L) + ?:l (G())eg €

where Iy(z) and the G;(x) are continuous functions. The
function Iy(x) is any particular integral of the equation

L(y) = Re(w)

whereas the functions Gi(z) are particular integrals of the
equations

L(y) = Ri() i=1,2...N (5)

Moreover, since any discontinuities in y(z) or its various
derivatives that occur in Eq. (4) are entirely due to the
Macaulay brackets, it is seen that

Gi(a:) = Ay(a:)
G (as) Ay’(a)

(6)

]

Gin'“l(az.) Ayn_l(a/i) (?: = 1, 2... N)

Thus the problem is reduced to determining particular
integrals Gi(z) of Eq. (5) which satisty Eqgs. (6). Suppose
that one particular integral I.(z) of Eq. (5) is known. In
general, this will not satisfy Eqs. (6), but the difference be-
tween [;(z) and G;(z) must be a solution of the homogeneous
equation L{y) = 0. Hence,

Giz) = I(2) + ngri ur(2) )

Using Egs. (6), the n constants B,; can be obtained by solv-
ing the following n simultaneous equations:

2231 By uda) = Ayla) — I{a)
X Bew/@) = Av(e) ~ 1)

(®)

n
22 BriupNa) = Ayria) — L (a)
r=1

The n constants A, which occur in the expression for yx(x)
in Eq. (4) can be determined only from the preseribed condi-
tionsatz = 0andz = [.

It should be noted that, if the general solution yx(x) of the
homogeneous differential equation is known, it is always pos-
sible to find one particular integral I;(z) of Eq. (5) using the
method of variation of parameters.8

In most structural problems to which Macaulay’s method
is applicable, the variable y will represent the deflection at a
station defined by the value of x, and geometrical continuity
conditions will invariably require that y and y’ should be
continuous over the whole range of . The discontinuities
in R(z) arise because of discontinuities in loading, and the
discontinuities in y’’ and y’’/ are easily related to discon-
tinuities in bending moment and shear force.

It should be emphasized that in any problem the terms
G.:(x) corresponding to given types of load discontinuity are
independent of the boundary conditions at x = 0 and z = {
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and can be determined for all time. Once they have been
cataloged, the solution for a problem with eny number N
of load discontinuities only requires the determination of the
n constants of integration 4, in the expression for yu(z).

Some Applications to Beam Problems

Problem 1. A Uniform Beam, Supported on an Elastie
Foundation, and Subjected to Axial Compression and
Discontinuous Lateral Loads

Consider a uniform beam of length [ and flexural rigidity
EI that is supported on an elastic foundation of constant
stiffness K, so that, if a deflection y(z) occurs, there is a re-
storing force of magnitude Ky(x) per unit length. Suppose
that the beam is subjected to an axial compressive force P
and also to lateral loads. The governing differential equation
is

Ely™"" + Py" + Ky = p(z) 9)

where p(2) is the applied lateral load per unit length.

Consider the effect of the four types of discontinuous load
shown in Fig. 1, namely a concentrated bending moment
M, at x = a1, a concentrated lateral load W at z = as, @
uniformly distributed load w per unit length over the range
a3 = z = [, and a linearly varying load of intensity (we/
ag)(x — ag) per unit length over the range ay < = < 1.

Because of these loads alone, the right-hand side of FEq.
(9) can be written as

p<x) = w{l)e + (wo/‘lé) & — Q4)a, (10)

Since Eq. (9) is of fourth-order, we require four continuity
conditions at each of the points z = @y, a5, s and as. These
are as follows:

Ay(a) = Ay’(a) =0
Ay (ar) = Mo/EI Ay'"'(a) = 0
Ay'"(a) = 0 Ay'"'(a) = W/EI

Ay"'(as) = Ay'"(as) = Dy'"(as) = Ay""(a) = 0

Corresponding to each of the four loads there is a function
Gi(z) that appears within Macaulay brackets in Eq. (4).
Expressions for the solution yx of the homogeneous differ-
ential equation and for the four terms G,(z) are listed below
for each of three cases, depending upon whether P is greater
than, equal to, or less than 2(ETK)V2, In these expressions
the symbols a, u, X, 6, £, and 5 are defined as follows:

o = (P/ED)Y? u = (K/4ED)ut
N = p2lz = (K/EI)v*
0= (w+ia)n  f= Gat— e
7= it = (ut = oy
Also, for conciseness, the symbols z; have been introduced,
where

((=1,234

(11)

(12)

=T a 1=1,2 3,4

Thus, 2; is the distance coordinate measured along the axis
of the beam from an origin at the point z = a;, as indicated
in Fig. 1.
Case a) P > 2(EIK)Y2 ie., af > 4u?
yr(x) = (A4; coséxr + A, sinéx) cosfr -
(4s coséxr + Aysingx) sinfz  (13)
Gi(z) = (My/2EI0§) sinbz sinfz;
Gy(x) = (W/4AET u?) (07" sinfz; coskzy —
£71 cosBz, sinkz)
Gs(x) = (w/K)[1 — cosbz; cosfezs — (14)
(a2/408) sinfzg sinfzs]
Gy(x) = (wo/Kag)[au — F{1 +
(a2/2u2)} 671 sinfz, cosfe, —
{1 — («?/2u?)} £ cosbz, sinéz]
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Caseb) P = 2(EIK)"? ie., a® = 4p?
yua(z) = (A1 + Asx) coshx + (4s + Awx) sinhz  (15)

Gi(z) = (My/2EIN)z sinkz

Go(x) = (W/2EIN3)(sinkz; — Azp cosAze)

Gs(x) = (w/K)(1 — coshz; — 3z sinhzg)

Gs(x) = (wo/Kas)[2a — (3/2N\) sinhzs + $24 coshzy]

Case ¢) P < 2(BIK)V2 ie., af < 4u?

yu(z) = (A coshnz + A, sinhna) cosfz
(A3 coshnz + Ay sinhyz) sinfz (17)
GI(CE) = (M0/2E10’r]) Sin021 Sinh”]Zl

Gy(z) = (W/AEIu?) (671 sinfz, coshnz —
77! cosfz; sinhyzs)

(16)

Gs(z) = (w/K)[1 — cosfz; coshnes — (18)
(a?/407n) sinfz; sinhyz;]

Gy(x) = (wo/Kas)[zs — %{1 -+
(a2/2u2)}6~" sinfz, coshnz, —
{1 — (a2/2u®)} 9" cosbz sinhnz,] |

It should be mentioned that the differential equation
governing the radial displacement of the wall of a thin
cylindrical tube compressed axially and subjected, in addi-
tion, to axially symmetrical radial loading is formally identi-
cal with Eq. (9), except that EI must be replaced by D, the
flexural rigidity of the wall, and K by FKt/r?, where ¢ is the
thickness and r the radius. Also P now represents the axial
compression per unit of circumference, and p(x) is the radial
load per unit area. With these changes, Eqs. (13-18) are
valid for this problem. Similarly, Problems 2 and 3 that
follow have obvious analogies in thin cylindrical tubes.

Problem 2. A Uniform Beam, Supported on an Elastic
Foundation, and Subjected to Axial Tension and
Discontinuous Lateral Loads

This is identical with Problem 1 except that the beam is
now subjected to an axial tension T instead of the compres-
sion P. Let

B = (T/ED)"? p = (K/4ED)Y*
N = p2V2 = (K/ENYV4
¢ = (i p= (4B —
o =ip = (u*— B
The results are as follows.
Case a) T > 2(EIK)Y? ie., 32> 4u®

yu(x) = (A; coshpzr + A, sinhpx) coshez +
(45 coshpr + Assinhpz) sinhgz  (20)
Gi(z) = (Mo/2EI ¢p) sinhez, sinhpz; )

Go(z) = (W/AEI p2)(p~! sinhpzs coshez —
¢! sinhgz, coshpz,)

Gs(z) = (w/K)[1 — coshez; coshpz; + 1)
(82/4¢p) sinhezs sinhpzs]

Gi(z) = (wo/Kas)[za — ${1 + (8%/2p3)} ¢ X
sinh¢zs coshpzs — {1 — (8%/2ud)}p~! X
cosh ¢z, sinhpz,]
Caseb) T = 2(EIK)Y? ie., 2 = 4p?
yn(z) = (41 + Asx) coshhz + (4ds + Agw) sinhhx  (22)
Gi(z) = (Mo/2EIN)z sinhhz,
Go(z) = (W/2EIN%) (N2 coshhz — sinhAzs) 23)
Gs(z) = (w/K)(1 — coshNzz + 425 sinh)zs)
Gi(x) = (wo/Kag)[2s — (3/2N\) sinhzs + 325 coshNas] J

(19)
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Case ¢) T <2(EIK)Y? ie., 3% < 4u?

yu(x) = (4; cosox + A, sinez) coshpr +
(43 cosox + A4 sinoz) sinhga  (24)
Gi(z) = (My/2EI o) sinhgz; sinez;
Gy(x) = (W/4EIp*) (o' singze coshgzs —
¢! sinhoz, cosozs)
Gs(z) = (w/K)[1 — coshezs cosazs + (25)
(B%/4¢a) sinhez; sinez;]
Gi(z) = (wo/Kas)[zs — 3{1 + (8*/2uH)} ¢~ X
sinh¢z, cosozs — 3{1 —
(B2/2u?} ot coshezy sinozs)

Problem 3. A Uniform Beam, Supported on an Elastie
Foundation, Subjected to Discontinuous Lateral Loads
Only

If the axial load is zero, the appropriate results can be
obtained from Egs. (17) and (18) by putting « = 0 and
0 = n = u,or, from Eqgs. (24) and (25), by putting 8 = 0 and
¢ = o = p. Thus,

yr(x) = (4, coshuzr + A, sinhuz) cosuz +
(As coshuxr + A, sinhuz) sinpz  (26)

Gi(x) = (Mo/2EI 1?) sinuz sinhuz )
Go(x) = (W/4EI u3)(sinuze coshuz, — cosuz sinhuzy)
Gi(z) = (w/K)(1 — cosuzs coshuzs) 27

Gy(x) = (wo/Kas)[2a — (1/2p)(sinpuzs coshpuzs +
cosuzy sinhuzy) ]

Problem 4. A Uniform Beam Subjected to Axial
Compression and Discontinuous Lateral Loads

The results for this case can be derived from Eqs. (14)
by the limiting process K — 0, u — 0, § - § — /2. A
more direct approach is to start from the differential equation

Ely" + Py = M(2) (28)

where M (x) is the bending moment due to the lateral loads.
As a result of the four discontinuous loads shown in Fig. 1 we
have
M(.’l?) = 1W0<1>a1 + W<x - a2>a2 +
(w/2)@ — as)as® + (wo/6as)x — as)a® (29)
Since Eq. (28) is of second order, it is only necessary to
specify that y and y’ shall be continuous at z = a,, az, as,

as. The appropriate solution is as follows, with « defined
as in Egs. (12),

yr(x) = Ay cosar + A, sinax (30)
Gi(x) = (My/P)(1 — cosaz)
Gy(x) = (W/aP)(az; — sinozs) 31)
Gs(z) = (w/2a?P)(a%3? — 2 + 2 cosazs)
Gu(z) = (wo/603Pay) (a2 — Bazs + 6 sinazy) '

The first three of Eqgs. (31) agree with the corresponding ex-
pressions quoted by Urry.?

Problem 5. A Uniform Beam Subjected to Axial
Tension and Discontinuous Lateral Loads

This is identical with Problem 4 except that the beam is
subjected to an axial tension T instead of the compression
P. The solution can be obtained by replacing P by — T and
a by 18 in Eqs. (30) and (31) where 8 is defined in Egs. (19).
Thus,

yu(z) = A4y coshBx + A. sinhBz (32)
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Gu(z) = (Mo/T)(coshBz; — 1)

Go(z) = (W/BT)(sinhBz, — Be)

Gs(z) = (w/26°T)(2 coshfe; — 2 — %%
Gu(@) = (we/6B3%Tas) (6 sinhBzs — 6824 — %)

(33)

Problem 6. A Uniform Beam Subjected to Discontinuous
Lateral Loads Only

The case of a simple beam, as originally considered by
Macaulay, can be obtained by a limiting process either
from Problem 3 with g — 0, from Problem 4 with o — 0,
or from Problem 5 with 8 — 0. The results are

yu) = A + Aw (34)
Gi(w) = (Mo/2EI)212 Gofx) = (W/BEDz? (35)
Gs(z) = (w/24EI)zst Gy(x) = (wo/120EIas)zsd

Problem 7. A Uniform Beam Vibrating Steadily Under
the Action of Pulsating Discontinuous Loads

Consider a uniform beam that is subjected to a set of
pulsating lateral loads, each being proportional to sin{.
Let the deflection of the beam, when steady conditions pre-
vail, be y(x) sinQt. Then, with the usual neglect of the
angular inertia of elements of the beam, the governing differ-
ential equation is

EIy"" — mQ%y = p(z) (36)

where p(z) is the amplitude of the applied lateral load per
unit length and m is the mass per unit length.

Consider the effect of the four types of diseontinuous load
shown in Fig. 1, where now M,, W, w, and w, represent the
amplitudes of the four loads. The right-hand side of Eg.
(36) is still given by Eq. (10) and the required continuity
conditions at the points & = a1, as, as, ¢4 are identical with
Egs. (11).

Letting

y = (mQ/ED)V 37

the solution is as follows:
yr = A, sinyx + A cosyr + Assinhyz + A4 coshyz (38)
Gi(x) = (Mo/2EIv?)(coshyz, — cosyz)
Go(zx) = (W/2EIv%)(sinhyz — sinyz)
Gs(z) = (w/2mQ?) (coshyz; -+ cosyes — 2)
Gu(z) = (wo/2ymQ%.) (sinhyzy + sinyzs — 2vyzy) |

If @ — 0 so that v — 0, Egs. (39) become in the limit identical
with Eq. (385).

(39)

Some Applications to Plate Problems

Problem 8. A Circular Plate Subjected to Axially
Symmetrical Discontinuous Lateral Loads

Consider a thin horizontal circular plate of thickness ¢,
Young’s modulus E, and Poisson’s ratio », which is bent
axially symmetrically by a set of lateral loads. According
to small deflection theory, the lateral deflection y at radius
r satisfies the differential equation

afLa( a\|_du, 1ay_1dy_ F)
dr l:r dr <'r dr)] e + rdr* r2dr D (40)
where F(r) is the vertical shear force per unit of circumfer-
ence due to the lateral loads, and D is the flexural rigidity of
the plate defined by the equation
D = Et3/12(1 — v?)

Consider the effect of the three types of discontinuous

loading shown in Fig. 2, namely, a radial bending moment

M, per unit circumference distributed uniformly around a
circle of radius a;, a line load of magnitude W per unit cir-
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TFig. 2 Diametral section of circular plate showing types
of discontinuous loading.

cumference distributed uniformly around a circle of radius
az, and a uniform pressure p applied over the annular region
as < r < b, where b is the outside radius of the plate.

Because of these loads alone, the normal shear force F(r) is
given by

F(r) = W{as/r)a + 30 — (05%/7))aa (41)

Since Eq. (40) is of third order, three continuity conditions
are required at each of the points = a1, as, as. These are

Aylas) = Ay'(a;)) = 0 1=1,2,3
Ay"'(a) = M/D Ay’ (as) = Ay"'(as) = 0
The solution yz{r) and the deflection functions G;(r) which

appear in the Macaulay brackets in the equation for y(r)
are listed below:

yu(ry = Ar? 4+ Aslogr + 4, (43)
Gi(r) = (Mo/4D)[r* — m? — 20, log(r/a1)]
Go(r) = (Way/4D) [(r? + a2?) log(r/az) — (r* — as%)] (44)

Gs(r) = (P/64D)[(r* — as®)(r? + bas?) —
40,2212 4+ a5?) log(r/as)]

(42)

Problem 9. A Uniformly Compressed Circular Plate
Subjected to Axially Symmetrical Discontinuous
Lateral Loads

Suppose now that, in addition to the lateral loads, the
plate of Problem 8 is subjected to a uniform membrane com-
pression of magnitude P per unit length in all directions.
This would occur, for example, if the plate did not contain a
hole and if it were subjected to a uniform radial compressive
force P per unit length at its outer circumference.

The differential equation now becomes

dy 1y (, L\dy _FO
dr3+rdr2+<K rt) dr D (45)

where
k = (P/D)v? (46)

Equations (41) and (42) are still applicable and the solu-
tion is as follows:

ya(r) = Ay Jo(kr) + As Yo(xr) + As (47)
Gu(r) = (Moai/xD)[(1/ka1) + (w/2){ Yi(kay)Jo(kr) —
Ji(kay) Yo(‘")} I

Go(r) = (Way/P)log(r/ae) + (/2){ Yo(kas)Jo(kr) — (48)
Jo(kaz) Yo(xr)} 1

Gs(r) = (pas/kP) [kxas{ (r*/as*) — 1 —2log(r/as)} —
(1/kag) ~ (w/2){Va(kag)Jo(kr) — Ji(kas) Yolkr)}] )

In these expressions Jo, Yy and Jy, Y are Bessel functions
of the first and second kinds, of zero and unit order, respec-
tively. In deriving Eqgs. (48), use has been made of the fol-
lowing identities:

Jo'(2) = —J1(2) Yi'(e) = -T2
Ji(2)Y(z) — Jo(&)Yi(z) = J1(2)Y.'(2) — (49)
Yi(@)Ji'(2) = (2/m2)
J(@Yo(2) — Jo(2)Y/(2) = — (2/m2%)
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Problem 10. A Uniformly Stretched Circular Plate
Subjected to Axially Symmetrical Discontinuous
Lateral Loads

This is identical with Problem 9 except that the plate is
now subjected to a uniform membrane tension of magnitude

T per unit length in all directions, instead of the compression
P

The differential equation is the same as Eq. (45) except that
k%isreplaced by —7? where

T = (T/D)"* (50)
and the solution is given by
yH(T) = A1 Io(‘TT) + A2 KQ(TT) + A3 (51)

G} (7') = (ﬁ[o(h/TD) [K1 (Tal)]0<7'7') +
I(ra)Ko(rr) — (1/7a1)]
(Was/T) [Ko(ran)lo(77) — Lo(raz)Kolrr) —
log(r/ax)1

Gg(?‘) = (pag/'rT) [Kl('ra3)Io(ﬂ") + I;('rag)KD(ﬂ‘) —_
(1/7as) + 37as{1 — (r*/as®) + 2 log(r/as)}]

|

Il

Gy (7) (52)

where I, Ky and I, K; are modified Bessel functions of the
first and second kinds, of zero and unit order, respectively.
The following identities have been used in deriving Egs.
(52):

I'(z) = Li(2) Ky'(2) = —Ki(2)

ATAA JOURNAL

Ki(2)Io(z) + L(2)Ko(2) = Ki(2)])/(2) —
LK (z) = 1/2
I'(2)Ko(2) + Ki'(2)1o(2) = —1/2*
It may be noted that the heaviness of the algebra in a
paper by Hicks,? which derives expressions for the bending
moments in uniformly stretched plates due to loads similar

to W and p in Fig. 2, could have been reduced considerably
by the introduction of appropriate Macaulay brackets.

(53)
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Influence of Tesseral Harmonics on Nearly Circular
Polar and Equatorial Orbits

P. T. Gurrman®
Aerospace Corporation, El Seqgundo, Calif.

Approximate closed form expressions are obtained for the radial, cross-track, in-track,
nodal period, and sidereal period perturbations due to the second sectorial (Jz?) harmoniec.
The effects of higher-order tesseral harmonics on the position coordinates are analyzed by
means of special perturbation programs. For low-altitude orbits, radial perturbations as
large as 1200 ft occur due to Jy®. Secular in-track perturbations (with respect to an unper-
turbed orbit) due to J.® are found to be as large as 0.012° /rev, whereas cross-track perturba-
tions are periodic with maximum amplitudes of 0.02°. Periodic oscillations occur in the or-
bital period with amplitudes of =0.003 min about a mean value that differs from the unper-
turbed value. Of the higher-order tesserals that are investigated, the J;'¥ term is most in-
fluential, contributing perturbations of the same order as J2?,

Nomenclature ¢ = po'sitiolntggo(lidinate measured in the direction of increas-
. ) ) ing latitude
T = radial distance to the satellite from the center of the M = universal gravitational constant times mass of the earth
e%rth . 7, = radius of reference circular orbit (const)
g = raiﬁmcozrizgoigiiz :;r;ﬁgelgiﬁon cga:ztitzfl the tesseral n = perturbation in the radius due to gr, gy, and gg, and the
= component of accelerationgin thzs direction due to the departu.re f.r om circularity in the initial conditions
ge o te§sera1 harmoﬂics 61 = perturbation in the ¢ direction due to g, go, and g, and
go = component of acceleration in the ¢ direction due to the initial con(%ltlofas o
tesseral harmonics $ = p_e?tlllrbatlgl} in the ¢ direction due to g, g¢, and g¢, and
[ = position coordinate measured in the longitudinal direc- Initia, Oondltl‘OI‘ls .
tion ¢. = angular position (measured from the equator in the

direction of increasing latitude) that the satellite
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would have in the reference circular orbit; ¢, = ¢t

0, = angular position (measured in the direction of increas-
ing longitude) that the satellite would have in the
reference circular orbit; 8, = 6.

(*) = derivative with respect to time



